TWISTS AND RESONANCE OF L-FUNCTIONS, I 
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Abstract. We obtain the basic analytic properties, i.e. meromorphic continuation, polar 
structure and bounds for the order of growth, of all the nonlinear twists with exponents <l/d 
cn ■ of the L-functions of any degree d > 1 in the extended Selberg class. In particular, this solves 
^ \ the resonance problem in all such cases. 
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1. Introduction 

, Statement of results. Given an L-function F[s) of positive degree d in the extended Selberg 

^ ■ class S^ (namely, the class of Dirichlet series with meromorphic continuation and functional 
1^ ! equation; see below for definitions and notation), in [7] we considered the standard twist 

F(s,«) = y^^^^^^^^^^ a G M, « ^ 0, e(x) = e^-- (1.1) 

n=l 



p- \ and obtained its main analytic properties; see Theorems 1 and 2 in [7]. Precisely, writing 

cn ' 1 if ri ^ N 

t^^ ! Spec(F) = {« > : a{na) 7^ 0} where n^ = qd~'^a'^ and a{na) = { , ^ 

tJ- . 1 a[na) if Ua G N, 

(3 ! (here q = qp is the conductor of -F(s), see below) we proved that F(s, a) is an entire function if 

^^ \ \oi\ ^ Spec(F), while F(s,a) is meromorphic over C if |a| G Spec(F). In the latter case F(s, a) 
has at most simple poles at the points 

L >i , d+1 k „ , , , 

X: 'k = ^T:r-l-'^P A; = 0,1,..., (1.2) 



2d d 
and 



.e.,.,.F(.,„) = £^%). (1.3) 



'" "|o| 



where Cq{F) 7^ is a certain constant depending only on -F(s), and Op is the internal shift of 
F{s) (see below, and note a slight change in the definition of 9p with respect to our previous 
papers). Moreover, F(s,a) has polynomial growth on vertical strips. 



Remark 1. Actually, in [7] we considered only the case with a > 0, but -F(s, —a) = F{s, a) 
(see below for notation) and hence the case with a < follows at once, since 6j^ = —9p and 
c^{F)=^^. U 

The standard twist -F(s, a) plays a relevant role in the Selberg class theory and, moreover, is a 
new object in the theory of classical L-functions (i.e. the L-functions associated with algebraic, 
geometric and automorphic structures). For example, the properties of the standard twist were 
crucial in the classification of the degree 1 functions obtained in [1] and in the proof of the degree 

1 



conjecture for 1 < d < 2 devised in [8]. In the latter paper we also studied the general nonlinear 
twist 

n 

n=l 

with functions f{n, o) of type 

TV 

/(n, ck) = ^ a^n"^ < kat < ■ • ■ < Ki < kq, a^ G M, (1.5) 

i=o 

in the case kq > 1/d and Oq > 0. In [8] we could not get a full description of the analytic 
properties of such twists, but we obtained a useful transformation formula relating F{s; f) to its 
dual twist F[s] — /*). See Theorem 1.1 in |8] for the precise statement and below for notation; 
again, note a slight difference of notation with respect to |H], this time concerning F{s; /). 

The properties we prove in this paper for twists of type fll.4p allow to solve, with a certain 
degree of generality, the resonance problem for the L-functions from the class S'^. Indeed, the 
resonance problem may be stated in general terms as describing under what circumstances 
the coefficients of an L-function, once suitably twisted and averaged, show cancellation (no 
resonance case) or an asymptotic behavior (resonance case). In an essentially equivalent form, 
the resonance problem may be stated as describing the evolution of meromorphic continuation, 
polar structure and order of growth of an L-function under a suitable set of twists. This is the 
form of the problem we deal with in this paper, and it is well known that results of the previous 
form can be deduced by standard methods. We shall discuss the problem in greater detail after 
the statement of our results. 

In this paper we study the nonlinear twist (II. 4p for functions of type (ll.Sp in the remaining 
cases, i.e. when kq = 1/d and there is at least one aj ^ 0. For completeness, we also study the 
simpler case where all the exponents Kj are negative. It turns out that a technique different from 
the one we used in [7] allows a rather complete description of the analytic properties of F(s; /) 
in these cases. Such a technique is closer to the one we made use of in |TD] to deal with the linear 
twists in degree d = 2. Moreover, our present results provide further information in the special 
case (II. ip as well. We start with the new theorems in such a special case, namely with general 
bounds on the growth of -F(s, a) for s G C (not only for s in vertical strips as in |7j), since these 
results will be needed in the proof of the general case. For completeness, in the statements of 
Theorems 1 and 2 below we also recall some of the properties already established in [7]. Since 
we deal with functions of degree d > 0, and it is known that there are no functions in S'^ with 
degree < rf < 1 (see Conrey-Ghosh [T], and [1]), we may assume that d>l. Denoting by S\ 
the set of functions in iS" with degree d, we have the following results. 

Theorem 1. Let F E S\ with d>l and let a ^ 0, \a\ ^ Spec(F). Then F{s,a) is entire 
of order < 1. Moreover, for every < 6 < 1 there exist A,B,C> 0, depending on F{s) and 6, 
such that for every s G C 

F(s,a) < AH(1 + |s|)'^H/<5+BgC|sK^ 

where S' = max(0, 2 — 1/6) and the '^-symbol may depend on F{s), a and S. 

Theorem 2. Let F e S^ with d > 1 and let a ^ 0, \a\ G Spec(F). Then F{s,a) is 
meromorphic on C with at most simple poles at the points Sk in (II. 2p . and residue at sq given 
by (II. 3p for a > 0. Moreover, for every 6o > 0, < 6 < 1 and t] > 1/6 there exist A,B,C> 0, 
depending on F{s), 6o, S and r], such that for \s — Sk\ > Sq 

F(.,a)«AH(l + |s|)^'^H+B,c(|.K+|.|(3-.^)/^)^ 
where S' = max(0, 2 — 1/6) and the <ti-symbol may depend on F{s), a, Sq, S and rj. 



Remark 2. Note that, choosing e.g. 6 = 1/2 and rj = Q, the bounds in Theorems 1 and 
2 imply that F[s, a) has polynomial growth on vertical strips. However, the resulting bounds 
are essentially qualitative, although exphcit values can be obtained for the constant B. In this 
paper we are not looking for sharp results in this respect; for example, one can immediately get 
sharper bounds by convexity. We refer to Theorem 2 of [7] for a-uniform polynomial bounds, 
again quantitatively not sharp. D 

The proof of Theorems 1 and 2 forms the bulk of the paper. Indeed, such theorems together 
with Remark 5 below contain the basic bounds on the growth of F[s, a) needed to trigger a kind 
of iterative process, see Theorem 5 below, leading to the following general result. 

Theorem 3. Let F G S^ with d > 1 and let f{n, ex) be as in (11. 5p with kq = 1/d and ai ^ 0. 
Then the nonhnear twist F{s; f) in ( 11.41) is entire of order < 1. Moreover, there exist A,B,C>0 
and < 6 < 1, depending on F{s), such that for every s G C 

F(s; /) < ^1^^1(1 + |s|)H/-i+^e^l-l\ 
where the <^-syinbol may depend on F{s) and f{n, a.). 

Remark 3. At present we cannot prove, in general, that the twists F{s; f) in Theorem 3 
have polynomial growth on vertical lines; see the discussion below about the resonance problem 
for further information on this point. D 

Theorem 3 is a consequence of Theorems 1, 2 and 5, and its proof is given after the statement 
of Theorem 5. For completeness we state and prove a simpler and more general result concerning 
the nonlinear twists with negative exponents. We present this result in a form suitable to be 
coupled with the previous results by an iterative argument (see Remark 7 below). Let F{s) be 
an absolutely convergent Dirichlet series for a > 1, with meromorphic continuation to C and 
singularities contained in a horizontal strip of finite height. Moreover, let 

N 

f{n, a.) = y2 ajU^'^^ < kq < ■ ■ ■ < Kjy, aj G M. 

3=0 

Denote by Hf^ct) (resp. /iF(o"; /)), if it exists, the Lindelof //-function of F{s) (resp. F(s; /)). 

Theorem 4. Let F{s) and f{n, ex.) be as above. Then the twist F{s; f) in (11.41) is meromorphic 
on C with singularities in the same horizontal strip as F{s), and F{s] f) is entire if F{s) is entire. 
Moreover 

/^f(o-; /) = /Uf(o-) 

for a in any right half-line where fipio') exists. 

Remark 4. From the proof of Theorem 4 it is easy to detect the location of the poles of 
F(s; /) from the location of the poles of F{s), see (14. ip in Section 4. D 

In order to state the results allowing the iterative process leading to Theorem 3, we need to 
introduce further notation. For p > 1 and r > let M{p, r) be the class of Dirichlet series F{s), 
absolutely convergent for cr > 1, admitting holomorphic continuation to |t| > r and for which 
there exist A,B,C>0 and < 5 < 1, all depending on F{s), such that for |t| > r 

F{s) < AI'^I(1 + IsD'^l'^l+^e^l^l', (1.6) 

where the ^-symbol may depend on F{s), p and r. Moreover, we denote simply by M{p) the 
class M{p, 0) and write for A > and a G M 



-.x/ X v^ a(n)e(—an 



E 



A^ 



71=1 



thus in particular F{s, a) = F^^'^{s, a). The relevance of the class M(p, r) is clarified by Theo- 
rems 1 and 2, and by the following 
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Remark 5. If F G 5' then F G M{d, r) for every r > 0. In fact, F(s) is holomorphic except 
possibly at s = 1 (thus the entire functions F G 5' belong to M{d)). Moreover F{s) is bounded 
for 0" > 2, is of polynomial growth (in particular) for —1 < cr < 2 and for a < — 1 satisfies 

thanks to the functional equation and Stirling's formula; see e.g. Lemma 2.1 of ^U\. D 

Theorem 5. If F E M{p, r) with r > 0, and if < A < 1/p and a ^ 0, then F^{s, a) belongs 
to M(l/A). Moreover, if F G M{p) and < A < 1/p, then F^{s,a) belongs to M{p) for every 

a gM. 

Remark 6. When F G M{p) and < A < 1/p, the entire function F'*'(s,a) has the 
representation 

°^ (-1)'' 

fc=0 

the series being absolutely and uniformly convergent for s in compact subsets of C; see the proof 
of Theorem 5. D 

Proof of Theorem 3. As we already noticed, Theorem 3 is a direct consequence of Theorems 
1, 2 and 5. Indeed, if ao 7^ we start with F(s,ao). Then we choose 6 (and rj) in Theorems 
1 or 2, depending on |ao| ^ Spec(F) or |ao| G Spec(F), in such a way that F{s,ao) belongs 
to M{p,t) for some r > and d < p < 1/k\. If oq = we use Remark 5, asserting that 
F G M{d, t) for every r > 0. Thus, for any ao ^ IR "we have that F(s, a^) belongs to M{p, r) 
with some r > and d < p < 1/ki. Then we apply the first part of Theorem 5 with A = ki to 
F{s, ao), thus obtaining that 



j^u^^^_^^^l/^_^^^^^, 



a(n) 

-e[—aon^' — ain" 



n- 

n=l 

belongs to M{1/k,i). Now we apply iteratively the second part of Theorem 5 with A = K2, ^3, ..., 
and Theorem 3 follows. D 

Remark 7. Thanks to Theorem 4, a similar, but simpler, iterative argument may be ap- 
plied to any of the twists F{s, a) or F{s; f) considered in Theorems 1, 2 and 3, thus getting 
meromorphic continuation and polar structure (see Remark 4) of any twist of type (11.41) with 

N 





fin, ex) -- 




with aj G M and kn < ■ ' 


■ ■ < Ki < Kq = 1/d. 





D 

Remark 8. We finally remark that, as far as we know, the results in Theorems 1, 2 and 3 
are new also in the case of classical L-functions. It is interesting to note how the behavior in 
s of the involved functions, essentially as a — t- —00, appears to be critical in order to deduce 
the properties of their nonlinear twists. This complements the well known importance of the 
behavior of L-functions on vertical strips. A similar phenomenon already arises in [TU], where 
the behavior of the linear twists as a — )■ — 00 is shown to give control on the shape of the Euler 
product; see Theorem 1 of [TU]. □ 

The resonance problem. Theorems 1, 2 and 3 provide the basic analytic properties of the 
nonlinear twists F{s; f) in all cases where f{n,cx) has positive exponents < 1/d. Actually, the 
same holds if all exponents are < 1/d thanks to Theorem 4 (see Remark 7), but in what follows 
we restrict for simplicity to positive exponents. In particular, polar structure and order of growth 
of F{s; f) are determined by the above theorems for any function F G 5^ in the following form: 
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i) if /(n, a) = aon^^'^ with |ao| G Spec(F), then F(s; /) has a simple pole at s = Sq, possible 
simple poles at points s = Sk with A; > 1 (see (11.21) ) and polynomial growth on vertical lines; 

a) if f{n,a) = aon^''^ with ^ |q;o| ^ Spec(F), then F{s;f) is entire and has polynomial 
growth on vertical lines; 

in) if f{n, a.) = aon^^'^ + ain'^'^ + . . . with any ao ^ I^, cti 7^ and ki < 1/d, then F(s; /) is 
entire, and on any fixed vertical strip 

F(s;/)«exp(|t|^) (1.7) 

with some 6 < 1. 

Thus such results solve the resonance problem, in the second form stated above, for all non- 
linear twists with exponents < 1/d of any function of degree d > 1 from SK Moreover, in cases 
i) and ii) standard techniques can be used to describe the behavior of the smoothed nonlinear 
exponential sums 



Spix; f,(f>) = T a(n)e(-/(n, a))0(-), (1.8) 

■^ X 

where 0(m) is a smooth function on (0, oo) with compact support. Precisely, we have 

Sp{x; f,<P) = Yl ^^^(^5 fmsk)x'' + 0(x^-^) X -^ oo, (1.9) 

k<K 

for any fixed K > 0, where 0(s) is the Mellin transform of 0(0; co(-F; /) 7^ in case i) and 
Ck{F; /) = for A; > in case ii). Interesting applications would follow from suitable uniform 
bounds in a, but at present the quality of such bounds is definitely weak; see e.g. Theorem 2 
in [7J . Formula (II. 9p follows from the estimate 

0(s) < It]-'' \t\-^oo (1.10) 

for every fixed h > 0, uniformly on any fixed vertical strip. In turn, (ll.lOp can be obtained from 
the definition of 0(s) by repeated partial integrations: 

0(s) = ^^ ^^ / (pW{u)u'+^-\ 



s{s+l)---{s + h-l) jQ 

In case Hi), when only (ll.7p is available, (ll.lOp is too weak to deal with the sums (II. 8p . However, 
in this case we can describe, again by standard techniques, the behavior of smoothed nonlinear 
exponential sums of type 



Sf{x; f,r) = J2 «He(-/(^, a))e-("/ 



n=l 

with r > arbitrary. In this case, for any fixed i^ > we have 



Sp{x; f,r) = J2 ^^^(-'^^; /)3^"''' + 0(x~(^+^)'') x ^ 00. 



k<K 



This is due to the fact that the Mellin transform of e "' is -r(-), and by Stirling's formula 



r(-) < e-'^KI/armcCa.fc) 

r 
uniformly for |t| > 1 and a < a < b. 

We omit explicit examples for Theorems 1 to 5 since one may easily construct such examples 
starting with any classical L-function. In a forthcoming paper we shall study the resonance 
properties of the nonlinear twists of type (ll.4p and (11.51) with kq > 1/d. 



Definitions and notation. Given a function f{s) we write f{s) = /(s); in paricular, if 
f{s) is a Diriclilet series then /(s) is the Dirichlet series with conjugate coefficients, called the 
conjugate of f{s). However, when dealing with the twists of a function F{s) we write 



p(^g. f\ ^y^ain)e{-f{n,OL)) 



n=l 



i.e. F{s; /) is the twist of the conjugate of F{s). A completely analogous notation is used in the 
case of F'^{s, a). A function F{s) belongs to the Selberg class S if 

i) F{s) is an absolutely convergent Dirichlet series for a > 1; 

a) {s — l)"^F{s) is an entire function of finite order for some integer m > 0; 

in) F{s) satisfies a functional equation of type $(s) = u;$(l — s), where |ci;| = 1 and 

r 

<l>{s) = Q'l[r{X,s + fi,)F{s) 
i=i 

with r > 0, Q > 0, Aj > 0, ^fij > 0; 

iv) the Dirichlet coefficients a{n) of F{s) satisfy a{n) ^ n^ for every e > 0; 

v) logF(s) is a Dirichlet series with coefficients b{n) satisfying b{n) = unless n = p"^, m > 1, 

and b{n) <^ n^ for some i) < 1/2. 

The extended Selberg class S^ consists of the non-zero functions satisfying only axioms i), n) 
and in). Degree, conductor and ^-invariant oi F E S^ are defined respectively by 

r r r 

dF = 2j2 A,, qp = (27r)^^Q2 "Q ^2A, ^ ^^ ^ ^ ^^{^^ - 1/2) = r]F + lOEdp-, 

note the slight change of notation for Op., the internal shift of F{s), with respect to our previous 
papers. We refer to Selberg [TB] and Conrey-Ghosh pQ, to our survey papers [S], [3], [12], [13], 
[H] and to our forthcoming book [TT] for the basic information and results on the Selberg class. 



In the next sections, the constants A, 5, C > are sufficiently large and may depend on F{s) 
and on the parameters specified in the theorems. Moreover, such constants may also depend on 
other parameters appearing in the lemmas below; if this happens, it will be explicitly stated. 
The same applies to the constants implicit in the O- and ^-notation, as well as to the constants 
c, Ci, ... > 0. In all cases, the value of such constants may not be the same at each occurrence. 
If F G iS^, c? > 1, and a > are fixed we write 



oo 



„ / s V"~V LiVILj 



«l^J -zj.n^/'^ 



n=l 



where X > Xq > is an integer, Xq is sufficiently large and may depend on F{s) and other 
parameters as for the above constants A, B, C, and 

1 

zx = 27iauJx wx = T7 + ^• 

X 

Clearly, Fx{s, a) converges for every s G C and hence Fx{s, a) is an entire function, 

lim Fx{s,a) = F{s,a) a > 1, 

and by Mellin's transform we have 

Fx{s,a) = / F{s + ^)r{w)zx'"w c> max{0,d{l - a)), (1.11) 

2m ^(c) d 
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where w = u + iv, z'^ = e~^^°^^^ and logzx is meant as principal value. Let a < 3/2, 
c = d{3 — 0"), 

Mp = max il±Ji^, K = [3d{2 + Mp)] + I 

i<j<r Xj 2 

and V^ > Vq > be a parameter to be chosen in the proofs, where Vq is sufficiently large and 
may depend on F{s) and other parameters as for the above constants A, B, C. Finally, let 

£_oo = {d{2 -a)- zoo, d(2 - a) + iV] 

Cy = [d{2 -a)+ iV, -K + iV] 

Coo = [-K + iV,-K + ioo). 

Outline of the proofs. To prove Theorems 1 and 2 we start with fll.lll) . with the aim of 
letting X — )■ oo. The integral over the negative part of the line a = c has good convergence 
properties. Hence we deform the integration as in fl2.ip . thus avoiding the poles of the integrand 
and preparing for the use of the functional equation. The ffist two terms in (12. ip are dealt with 
by Lemma A in Section 2, which holds for every a > and whose proof is based on a direct 
application of Stirling's formula. In the integral over £oo we apply the functional equation and 
expand F(l — s — ^), thus getting (12. 4p . The integral Ix{s,y) in (12. 4p depends on the data of 
F{s) and is close to an incomplete hypergeometric function. We refer to Section 2 of [7] for an 
analysis of such functions, see Theorem 2.1 there. In particular, it turns out that the limit as 
X — )■ oo of such hypergeometric functions is meromorphic in s for every y > 0; moreover, it 
has a simple pole at s = sq (and possibly at the points s = Sk with k > 1) ior y = d/ 13^^'^ (see 
(12. 3p ). and is holomorphic otherwise. Such a behavior gives rise to the notion of Spec(F), and 
this clarifies why the treatment of the function F^ [s] in (12. ip is different depending on |a| G 
Spec(F) or not. As we already remarked, in this paper we follow a different approach to the 
study of Ix{s,y), leading to the new estimates in Theorems 1 and 2 required by Theorems 3 
and 5. In view of Remark 1 we deal only with the case a > 0. 

When < a ^ Spec(F) we have a{na) = 0, and we deal separately with the integrals Ix{s, yn) 
in (12. 4 p with n < Ua and n > Ha- In both cases the treatment is based on a change of the path 
of integration and on a careful application of the uniform version of Stirling's formula proved in 
[9], see Lemma D in Section 2. This leads to Lemma B in Section 2. In turn. Lemmas A and 
B allow the use of Vitali's convergence theorem when X — )■ oo, and Theorem 1 follows; see the 
proof of Theorem 1 in Section 2. 

When a G Spec(F) we have the additional term n = na, and the corresponding integral 
Ix{s,d/(3^^'^) requires a deeper analysis. The starting point is Lemma 3.1, where the F-factors 
coming from the functional equation are glued to a single term plus smaller order terms. Then 
in a series of lemmas (from 3.2 to 3.8) we study and transform the expression of Ix{s,d/(3^^'^) 
coming from Lemma 3.1, finally getting Lemma E in Section 3, where the remainder term is of 
the required form. Next we borrow some arguments from our previous treatment of the standard 
twist in |1] and [7], giving the explicit expression in (I3.29P and describing the polar structure of 
the limit as X — >^ oo of the integrals Ix,u{s) in Lemma E. Theorem 2 follows then from Vitali's 
convergence theorem as before, and from bounds of the required form for the expression in (I3.29p . 
away from its poles. 

We already proved Theorem 3, and the proof of Theorem 4 follows by the Taylor expansion of 
e{—f{n, ex.)) and the good convergence properties of the resulting series. The proof of Theorem 
5 is simpler than the proof of Theorems 1 and 2 thanks to the good convergence properties of 
the integral in (II. lip , due to the choice A < 1/p. Indeed, when F{s) is entire and belongs to 
M{p) we shift the line of integration in (11.1 ip to the left, thus getting a sum over the residues of 
T{w), see (I5.13p . Thanks to A < 1/p, as X — )■ oo we obtain an expression of F^{s, a) as a series, 
see (I5.14p . which is nicely convergent over C. Moreover, the required bound for F^{s,a) follows 



by plugging in f l5.14p the bound for F{s — Xk). The case of meromorphic F{s) is technically 
more delicate, but the good convergence properties of the involved integrals, again due to the 
choice A < 1/p, are decisive in this case as well. 

Acknowledgements. This research was partially supported by the Istituto Nazionale di 
Alta Matematica and by grant N N201 605940 of the National Science Centre. 

2. Proof of Theorem 1 

We follow the notation at the end of Section 1 and suppose that F{s) and a are as in Theorem 
1. In view of Remark 1 of Section 1 we may assume that a > 0. Thanks to the polynomial 
growth of F{s + ^) and the decay of T{w) on vertical strips, and to the location of their poles, 
we have 

Fx{s,a) = ^ f F{s + ^nw)z-^-w = F^^\s) + F^\s) + F^^\s), (2.1) 

say. Recalling that 6' = max(0, 2 — 1/6) we have 

Lemma A. Let o < 3/2 and V > Vo(l + |s|). Under the hypotheses of Theorem 1 and with 
the notation in Section 1 we have 

\F^\s)\ + \F^\s)\ < A\-\v'^^-\+5'^ 

uniformly for X > Xq . 

Lemma B. Let a < 3/2 and V > Vo(l + Isl)^/^. Under the hypotheses of Theorem 1 and 
with the notation in Section 1 we have 

uniformly for X > Xq . 

Before proving Lemmas A and B we recall Vitali's convergence theorem (see Section 5.21 of 
Titchmarsh |ljQ), and show that Theorem 1 in an immediate consequence of Lemmas A, B and 
Vitali's theorem. 

Lemma C. (Vitali's convergence theorem) Let fx{z) he a sequence of holomorphic functions 
on a region V and let \fx{z)\ < M for every X > Xq and z E V. Suppose that fx{z) tends to 
a limit, as X ^ oo, at a set of points having an accumulation point in V. Then fx{z) tends to 
a limit uniformly in any domain V whose closure is contained in V, and hence such a limit is 
holomorphic and bounded by M onV. 

Proof of Theorem 1. The result is obvious for a > 5/4, while for a < 5/4 we recall that 
Fx{s,a) is holomorphic and we apply Lemmas A and B with the choice V = Vo(l + Isl)^/*^ to 
get 

Fx{s,a) < ^1^^1(1 + |s|)rfH/5+i?e^l^l*' (2.2) 

uniformly for X > Xq. Given any s = a + it with a < 5/4 we consider the region 

Vs = {z = X + iy e C : a - 1/10 <x < 3/2, \y\ < \t\ + 1/10} 

and apply Lemma C with the choice fx{z) = Fx{z, a) and V = Vg. Thanks to (12.21) and since 
\z\ < \s\ + c, |x| < \(j\ + c, we may choose 

M = i^Al"l(l + |s|)^l"l/^+^e^l^l'' 

with a suitable constant K > Q. Recalling that \m\x^ooFx{z,a) = F{z,a) for every z with 
X > 1, since s G "Ds we obtain from Lemma C that F{s, a) has holomorphic continuation to the 
half-plane a < 5/4 and 

F(s,a) <AH(1 + |s|)'^l'^l/^+^e^l^l''. 
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Theorem 1 is therefore proved. D 

Proof of Lemma A. We start with the estimation of Fj^ (s). For w = u + iv G C-^o we 
have u = d{2 — a), hence ^{s + w/d) = 2 and therefore F{s + w/d) <^ 1. Moreover, by Stirhng's 
formula we have 

and since vargw = v arctan ^^-o-) ~ I'^Kf + ^(^^)) *^ S^t 

T{W) < AH(1 + |^|)d(2-^)~l/2g-7rH/2_ 

Further we have 

I -u)| _ g-a!(2-CT)log|zx|+i'argzx ^ ^|o-|gt)(7r/2-0(l/X)) 
I A^ I 

Therefore for V^ > Vo(l + |s|) and X > Xq we obtain 

J— oo 

^ ^k|^d|H+2d+i ^ ^klr(^(2 + |cr|) + 1) < A\^\{ydW\+2d+i ^ ^^ ^ |ct|)'^I"I) 

uniformly in X, and the first assertion of Lemma A follows. 

In order to estimate F)^ [s] we recall the estimate for F{s) in Remark 5 of the Introduction, 
which we report in the form 

rylkl(l+|s|)<i{kl+l/2) i{a<-l 

^^^^«|(l + |s|)3d/2 ifa>-L 

Accordingly, we split the path of integration into 

[-K + iV, -d{l + a)+ iV] U [-d{l + a) + iV, d{2 - a) + iV], 
thus getting 

F^^\s) < aI"| / yrf(k+«/rfi+i/2)|r(^ + iv)z^''-'^\u 

J-K 

/d(2-(T) 
\V{u + iV)z^''-'^\n. 
-d{l+a) 

Arguing as before and taking into account the definition of V and K we have 
uniformly in X, hence 

_p(2)(_g) ^ ^kl / Yd{\a+u/d\ + l/2)+u-l/2^_^ / y{3d+2u-l)/2^\ ^ ^\a\yd\a\+5d 

\J-K J-d{l+a) J 

since a + w/rf < in the first integral, and Lemma A follows. D 

Remark. Note that the proof of Lemma A does not depend on the hypothesis that a ^ 
Spec(F), hence Lemma A holds for any a > 0. The proof of Lemma B is definitely more 
delicate, and condition a ^ Spec(F) becomes crucial in such a proof. D 

The following uniform version of Stirling's formula (see [9]) will be repeatedly used in this 
paper, hence for convenience we state it as 
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Lemma D. Let N > be an integer, D > 1 and let z, a G C satisfy 



mz + a)>0, \a\<-\z\, N<2D\z\. 

5 



Then 



log r(2; + a) = {z + a ) log z — z -\ — log 2% 



Proof of Lemma B. For w e Coo we have ^{s + w/d) = a- K/d < 3/2 - 6 + l/2d < -4. 
Hence, writing 

applying the functional equation and using the Dirichlet series expansion of F{1 — s — ^) we get 

n=l -^ '^°° 



Recalling that zx = 2tx aujx and ujx = y ^ h for convenience we write 



X 

Ix{s,y) = —- h{w,s){yujx)""^ y > 0, 

hence recalling the definition of n^ in the Introduction and letting 

we have 

F|)(.)«AHf;Mf|j,(,,,^)|. (2.4) 

n=l 

Since a ^ Spec(F) we may assume that n ^ ria always. In the rest of the proof we obtain suitable 
bounds for /x(s, ?/„) in the two cases n > ria and n < Ua which, once inserted in (12 .4^ . will prove 
Lemma B. Actually, in what follows we deal with Ix{s,y) in the general cases < y < d/ (3^^'^ 
and y > df/S^/'^. 

Case < y < d/ (3^^'^. In this case we change the path of integration from £oo to the half-line 
C'^ where w = u + iV, — oo < u < —K, and consider the 90-degrees sector 7^ formed by £oo 
and C'oo- Thanks to the choice of K, the function h{w, s) is holomorphic on TZ, as well as the 
function (yux)'^- Moreover, by Cauchy's theorem applied to such sector and the arc 7r of the 
circle \w\ = R inside the sector, as i? — ;■ oo we obtain 



Ixis,y) = ^ / h{w,s){yux) ""w- 



Indeed, a standard application of the Stirling formula with \w\ = R shows that the contribution 
of the integral over the arc 7/? tends to as -R — > oo. 
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We first deduce from Lemma D tlie following useful uniform bound for |r(z + a)|: let < 5 < 1 
and 

^{z + a)>0, |a| <min(|2|^-|^|), \z\>l/2; (2.5) 

5 

then for 6' = max(0, 2 — 1/S) we have 

\T{z + a)\= e-^(-+-)-s-«-|z|5^(-+'^)-i/2gO(i+|a|^')_ ^2.6) 

Indeed, from Lemma D with A^ = and Z^ = 1 we get 

1 lap 

log|r(2 + a)| =^{{z + a--){log\z\ +zarg2;) - 2;} + 0(^ + 1) 

and (12.61) follows since the last 0-term is 0(1 + lal*^ ). 

Now we proceed with the estimation of h{w, s) for w G C'^. First we use the reflection formula 
for the r function to write 

^ \ \ 

h(w, s) = n-'-Siw, s) II r(A,(l -s)+ -fl, - ^)r(l - \s - /i, - -^)^{w) (2.7) 



with 



^(u;, s) = TTsin7r(AjS + /ij + "* 



d ' 

In order to estimate the first F-factor in the product in (12. 7p . we choose z = — ^ = -^{\u\ —iV) 
and a = Xj{l — s) + Jt, and note that conditions (12.51) are satisfied thanks to the choice of K, 
provided 

V > c{l + -y/\l + \s\Y/\ where7= |log(i//3^/7rf)| (2.8) 

7 

and c = c{F, 5) > is sufficiently large. Indeed, simple computations show that \z\ > \jK/d > 3 

1^1 > M^ > ^(1 + |s|)i/5 > niax(|a|i/^ -|a|), 
d d 3 



5R(z + a) = ^ + A,(l-a) + 5R/.,>^-^-|/.,|>3. 

Hence we may apply (12. 6p . With the above choice of z and a we have 

V V 

3(z + a) = — Aj(— + t) + 0(1), argz = — arctan— , 

3fJz = ^, ^{z + a) = A,(M + 1^1) + 0(1), 

d d 

hence from (12.61) we obtain 

F(A,(1 - .)+/!, - ^) « e-^^(^+*)---^-^^-^|^|^^(^+H)+B^c(n-N*'), (2.9) 

To estimate the second F-factor in the product in (12. 7p we choose again z = — ^, and a = 
1— lij — XjS. As before, simple computations show that (12. 6p is applicable and the same formulae 
hold for the involved quantities. Therefore, 

F(l - A,, -/i, - ^) « e-^^(^+*)---^"^^^|^|^^(^+H)+B^c(i+N^')_ (2.10) 

d ' d ' 
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The third F-factor in fl2.7p is estimated by first applying the reflection formula and then f l2.6p 
(although the standard Stirling formula would suffice here) with the choice z = \u\ — iV and 
a = 1, thus obtaining 

T{w) < ,^, ""^r ..M < e-"''+'''^'"^*^"R+'"'|ti;|-l"l-i/l (2.11) 

^ ^ \r{i + \u\ - iV)\ ' ' ^ ^ 

Further we have 

5(w;,s)<e5^(*+^), (2.12) 

and hence from (12. 7p and (12.90 - (12. 120 . under (12. 8p and recalling (12. 3p . we obtain 
h{w,s) « Al'^le-'^(^+*)^^'=*^'^W-l«l|^|'^(¥+H)+^ef'^(*+^)/3^rf-l"l 

In order to estimate Ix{s,y) we observe that, for w G C^, 

|(yu;x)-"|«|l/c^x|l"lei^ 
and hence from (I2.13P we get 

Jk " 

= ^klgCd+N^') fr ^ r\ (^^i^^i) V*(t— ^*-^)|t/;|'^l'^l+^u (2.14) 

say; note that "^^1/ < 1 in this case. We deal first with I^'{s,y), observing that for < m < V' 
we have aictanV/u = ti 12 + 0(V^~^). Therefore, if X > c/7 with a suitable c > then 

olid 

^^-^y\ux\ < 1 and hence 



7x' 



(2.15) 



where 7x = | log{^y\ux\)\- 

(2) 
Concerning Ix {s, y), again for X > c/7 we have 

Ix\s, y) < Al'^le^(i+I^l'')e'^tl*l ( I e-^^ Vl"l+^u + l^'^l-l+^ /" e-^^^u") , (2.16) 

and we use the following general result: for 1 < ^ < F we have 

/ e-Vu<e-^F«(l + |^). (2.17) 

Indeed, integrating by parts twice we have 

/ e-Vu < e-^F« + ie-^Y^^^ + ^(e - 1) / e'V^- 
Jy Jy ^ 

But the function u — ?■ e^^u^ is decreasing for m > ^ and hence 

Y « Jy « 
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therefore 



r e""«^V < e-^F« (1 + I + ^%^) 
Jy y y 



and fl2.17p follows. We use f l2.17p in the first integral in f l2.16p after the change of variable 
^xu — ^ u, hence with the choice Y = V^'jx and ^ = d\a\ + B. Recalling (I2.8P and the definition 
of 7x after f l2.15p we see that 

7 
if c^ is large enough, hence 

1 r°° 

g-7x Vl-l+^u = -TTT-j^ / e-VI"l+^u 

Therefore, recalling that S' < 1, fl2.16p becomes 

Y 7x 7x 

<^ J_^C(l+\s\)-V'^xYdW\+B _ 

Ix 
But, as before, if c^ is large enough we have 

\v'ix>\c\l + \s\)>C{l + \s\) and V > |-(1 + |.|) > iT, 
hence, recalling the definition of 7x after f l2.15p and that ^-^y\ujx\ < 1 for X > c/7, we obtain 

/?Hs,l/)«— V^^'^'-'V. (2.18) 

Ix 

Gathering fl2.14p . f l2.15p and f l2.18p we finally obtain, in the case under observation, that 
uniformly for X > c/'~f 

Ix{s, y) « A^-\e<^<^^'\''+\s\v'-')v^W\+Byl^ (2.19) 

7 
since l/7x ^ I/7 for X > c/7 (and the constant in the <C-symbol has the same features as the 
constant C). 



Case y > d/(3^^^. In this case we change the path of integration £00 to the half-line C'^ where 
w = u + iV, —K < u < 00, and arguing as in the previous case we obtain 



Ix{s,y) = -— / h{w,s){yux) "'^y. 



Moreover, writing d^ = dina.xi<j<r \fij\/Xj we have for —K <u< —da — do (recall that a < 3/2) 
that 

^{XjS + /i, + ^) < and 3fJ(A,(l - s) + Jij - ^) > 0, 
and we split the integral over £^ as 

1 / p-dcr-do+iV j-V^+iV i-oo+iV\ 

'^^'^y^ = 2^^[ +/ +/. )h{w,s){yu;x)-W 

^T^t, yj ^K+iV J-da-do+iV Jv^+iV J (2.2UJ 

= lPis,y) + I^i\s,y) + I^^\s,y), 
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say. 

The treatment of Ix {s,y) is similar to the treatment of the previous case, in the sense that 
we start from (12. 7p and use (12. 6p to estimate the first two F-factors in the product (with the 
choice z = — ^ and a = Aj(l — s) +'pj or a = 1 — \jS — /ij, respectively). A computation shows 
that, assuming (12. 8p . for w G £'4 the conditions in (12.51) are satisfied, and 

r(A,(l - .)+/!, - ^) « e^^(^+*)-s(--H^|^r^^-(^+^)+^e^(i+N^') 
■'a ' a ' 

r(l - A,. - /., - ^) « e^^-(^+*)-^(-H^|^r^^-(^+^)^^e^(^+N*'). 
a ' a ' 

Moreover 

^(«;,s)<ei'='(^+*) 

and by Stirling's formula 

\T{w)\ < e-^^''§"'-"|w|"~^/l 

Therefore, similarly as in (I2.13P and observing that arg(— w) — arg(w) = — tt, we obtain 

h{w,s) « A^^\e^i^+\s\'')edK^2+-^>^(-^))e-^^\w\-''^^''{J-.r, 
and hence, since \{yux)~''^\ < {y\ujx\)~'^e^^ , we get 

p-da-do 1 

-K ^P^l''y\ux\' ■ 

But, thanks to (I2.8p . \w\ ^ V and arg(— w) = — | + 0{y^~^). Thus, recalling the definition of 
7x after (I2.15p and that y > d//3^^^ in this case (and hence ai/d'^i — r < 1), we have 



Jf (s,y)«AHe^(i+l^n 



(3)('e „^ ^ 4kUC'(l+|s|M / ^dt{|+arg(-«,))i „|-da+i? 



J-K 

^ j^W\^C{l+\s\'' + \s\V'-')yd\a\+By^_ 

Ix' 



(2.21) 



In order to treat /^ (s, y) we use the reflection formula of the V function to write 

h(w, s) = TC^'T(w)S(w, s) IT r r 

^ |i r(A,. + /., + ^)r(i - A,(i - .) - 71, + ^) 



with 



J. J. CIT 



J-^-Lsin7r(A,(l-s-f)+7Z,.)' 
By the factorial formula of the F function we rewrite h{w,s) as 

h{w, s) = n^T{w)S{w, s)P{s + ^) fj ^. ^ ^ ^^-!m M ^ ^^-^ ^'-''^ 

where P G C[z] has degP = 2rz/o, 

aj{s) = XjS + fij + z/Q, bj{s) = 1 — A-,(l — s) — /J, + uq 

and z/q = z/o(F) G N is such that for u > —da — do 

5R(a,(s) + ^),5R(6,(.) + ^)>0. 
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Now we apply ( I2.6P with z = -^ and a = aj{s),bj{s) respectively. A computation shows that 
conditions fl2.5p are satisfied thanks to (12 .Sp and to the choice of z/q, and 

r(a.(s) + ^) > e-^.(*+^)-g— ^|^|^^("+S)+^e^(^+l^l*') 
Moreover, thanks to (12.80 and to Stirling's formula we have 

(Jj 

hence from (I2.22p we obtain 

h{w,s) « Al-le^(^+f^l'')e-t^+'^*(-'-s'"-5Vr'''+''(^)"- 
As before we have \{yu;x)^^\ ^ (^|u;x|)~^e"2^, thus for u > —da — do 

h{w,s){yuxr'" « AHe^(i+l^l'')e'^*(-s-f)|ti;r'^'^+^(^i^^^)-". (2.23) 

But for —d(T — do < u < V^ we have argiu = f + ©(V'"^) and |u;| ^ V, therefore recalling the 
definition of 7x after (I2.15P and that y > d/(3^^'^ we obtain 

/-oo 



(2.24) 



Ix 
Finally, since argw < f + 0{V^^^) for m > V^, from (12.230 we get 

4')(s,y) « Al'^le^^i+l^l' +1^1^'"') / e-"^-(«'^l'^l+^ + l^"l'^l+^)u, 

and by the same argument used to estimate I^ {s,y) we obtain 

I^^\s,y) « A^-\eCi^Msf+\s\v'-')v''\-\+Byl_ (2.25) 

7x 

From (I2.20p . (I2.2ip . (12.241) and (I2.25P we have, in the case under observation, that uniformly 
for X > c/7 (see after flZTUD ) 

Ixi-s, y) « Al'^le^(l^l''+I^l^'")y'^l'^l+^^, (2.26) 

7 

and in view of (12.190 we have that (I2.26P holds for every y > 0. 

We are now ready to conclude the proof of Lemma B. From (12. 3p . (12.40 . (12. 8p and (I2.26P we 
have, uniformly for X > c/7, that 



00 



|a(n)| 



Lemma B follows since n ^ 12^ and the series is convergent for every a < 3/2. 
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3. Proof of Theorem 2 

In this section we follow the notation of Section 1 and suppose that F{s), a, 60,6,1] are as 
in Theorem 2. Moreover, we always assume (including in the statement of the lemmas) that 
a < 3/2 and \s\ < R with an arbitrary R > 1. The initial steps of the proof of Theorem 2 
are identical to those of Theorem 1. Indeed, we borrow Lemma A, whose conclusions remain 
unchanged under the hypotheses of Theorem 2; see the remark after the proof of Lemma A. 
Moreover, the conclusions of Lemma B also remain unchanged under the hypotheses of Theorem 
2, provided we replace Fj^ (s) by F^ (s), where, recalling (12.31) and the definition of Ix{s,y) 
before fl23|l . 



Ff{s) = uQ^-^^Y.-^M^^yn)- 

n 
Therefore, with the notation of Section 2 we have for a < 3/2 



Fx{s,a) = F^i\s) + F^^\s) + Ff{s)+ujQ'-'^'^Ix{s,d/P''') (3.1) 



and, provided V >Vo{l + \s\f/^ , 

F^^\s) + Ff (s) + F^^\s) « A^'r\v'i\'^\+BeCi\sf+\s\v^-') (3.2) 



uniformly for X > Xq. The rest of the proof is devoted to the evaluation and estimation of 
Ix{s,d/ (3^^^), which for convenience we denote simply by Ix{s)- 

For w G £00, as in (12.71) we write 



w,„, .-r-r„. , w,„,, , w. 



h{w, s) = S{s + -)T{w) n r(a, - A,-)r(6, - A,- 



with 



S{z) = n '' TT sin 7r(AjZ + [ij], aj = Xj{l — s) + /i^, bj = I — fij — XjS. 

We first note that a standard calculation based on the expression sin 2; = ^ ~^ — gives for 
w G £00 (recall that v > V > \s\) 

S(s + ^) = -J—e-f ^-e-'^i^^+t) (1 + 0(6"^°^)) (3.3) 

a (2vr)'^ 

with some < Aq < 1. We recall that the iZ-invariants of a function F E S^ are defined as 

H,in) = 2J2^0^ n = 0,l,... 

where Bn{x) is the n-th Bernoulli polynomial; see ^ for the properties of such invariants. 
Denoting by Ru{s) the polynomials 

i?.(.) = 2'^(i?,+i(a + i)-5,+i(i-6)) 
where a = a(s) = |(1 — s) + ^^p and b = b{s) = |s + |^f, we have 
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Lemma 3.1. Let w G £00, |s| < R, a < 3/2, 1 < M < DR andV > {ciRfl^ where D> 
is arbitrary and C\ may depend also on D. Then we have 

,/ \ ri?\'^^"'~^ 2^ l^-r/- \f d .ds+w />r^ Ruis) 1 X 

h(w,s) = Cr){F) — = ^T(w)( ^,,j ] exp > h Pm , 

with 

dM+2 
^*^ 2 |^|M+1 + ^ 

wiere cq{F) 7^ 0, Aq > is a certain constant, C2 may depend also on D, and we may assume 
that ci > €2- 

Proof. We use Lemma D of Section 2 with z = — Aj^, a = Oj or a = bj and A^ = M to get 
an asymptotic expansion of r{aj — Xj^)r{bj — Aj^). Since u = —K and a < 3/2, and thanks to 
the restrictions on V and M, for w G £00 the hypotheses of Lemma D are satisfied, hence 

logr(a,. - A,^)r(6,. - A,^) = (A, - 2A,(s + ^) - 2^53/i,) log(-^) 

w w 

+ (Aj - 2Aj(s + -t) - i&tij) log(2A^) + 2Ai- + log 2ir 

- 1 <;":?-lM±^^ J- + 0(PM„) 

^ z/ z/ + 1 A^w*^ 

where, thanks to the restriction on V, 

, \ M+l / M lol-L n\'2 \ r>M+2 



^iM+r 



Therefore, summing over j = 1, . . . , r we obtain 

r , 

log II (r(a, - A,^)r(6, - A,^)) = (- - rfs - w - idOp) log(-|) + ci(F) 



M 



+ (^^ + -) log(^) + - E ^^;^ + ^(^" ''''" 



(3.5) 



^2/31/rf^ ^^ z/(z/ + 1) w*^ ^ |w|^+i^' 

with a certain ci(F) and 

^.(.) = d'^y2 ^-+^^"^-^ + ^-+^^^^^ 



Now we note that 

2 2...^. ^^_ -Ar/^_^_ ~^ 



r(a + |-f) sin(7r(6+| + f))^^_ ^ 1 u^^^^l , u;, 

1 I w)^ 



and, since w G £00 and hence '^{b + | + ^) > 0, 

sin(vr(6 +! + -)) = -Ig— (''+i+f )(1 + 0(e-^)) = -e-''^^^e-'^'^'+f^{l + 0(e-^)). 
Moreover, arguing as before, from Lemma D we get 

logr(a + - - -)r(- -b--) = i--ds-w- idOp) log(--) +W + log(27r) 



_ y^ 2-(i^.+i(a + i)-i?.+i(|-&)) 1 ^ ^ ^^ i?^+2 

Z-^ ,,{1/ -L 1 "l ini' ^ 






w. 
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Hence, with a certain C2(-F), 

r(a + I — ^) ird , w, ,d ^ ,^ n, / -n , ^^ 

^°S p.^^i^H = -^ y(s + -) + (- - rfs - «; - zt/^p) log(--) + «; + C2(F) 

_ >f 2-(i?.+i(a+|)-i?.+i(|-&)) 1 ^. M jR^:^ ^ ^-.. 

Recalling the definition of h{w,s) and fl3.3p . comparing (13.51) and fl3.6p we obtain 
log/i(u;,s) = C3(F)log^;|^-p|^logrH(cis + w)log(^^) 

M n* / \ I T-.fl/f-|_2 



(3.6) 






(3.7) 



with a certain cz{F) and 



i?r,fs) = 2'^(fi,+i(a 



Lemma 3.1 follows from (13. 7p as soon as we prove that Rl{s) = Ru{s). But from the properties 
of the Bernoulli polynomials, see Section 1.13 of Bateman's Project |2], we have 

^ E.+i(a,) + g.+i(&,) _ ^^ g.+i(A,(l -s)+ JIj) + (-l)-+^E.+i(A,g + /i,) 

f^ Y^ (l^)Af ^-^i?,+i(7I^.)(l - s)-+i-^ + (-1)^+1 ('-+>f^-^i?,+i(/x,)s-+^-^ 
i=i fc=o ■? 



I — n \ / 



hence -R*(s) = -R,y(s) in view of (13. 4p and (13. 8p : see also Lemma 3.3 of [lU]. □ 

The treatment of exp ( Ylu=i IJKi+riw^ ~^ P^^) ^^ Lemma 3.1 is partly similar to the arguments 
in Section 3 of [10], but the differences are such that we cannot simply quote the results in p!0] . 
However, we will be a bit more sketchy in such a treatment, and we shall refer to ^U\ whenever 
possible. 

Lemma 3.2. Let Ru{s) be as in (13.41) and I < ly < DR, where D > is arbitrary. Then 

R,{s) « {c.Ry-'' 

where c^ may depend also on D. 

Proof. For d = 2 this is essentially Lemma 3.8 of [lOj (notice the slightly different definition 
of Ru{s) in [lOj), and the proof in the general case is similar. D 
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Lemma 3.3. Under the hypotheses and with the notation of Lemma 3.1, and assuming in 
addition that ^^ < M, we have 

M 



h{w,s) = co{F) 






d 



^ V^ o \,,.,\M+da-K-d/2+l/ 



, ds+w 



exp 



(E 



Ruis) 



■^ u{u + 1) W 



-) 



where A and c^ may depend also on D. 
Proof. By Lemma 3.1 we have 



Pm < 



g-AoD ^ j^M+2-iM+l)/S j^ g-Aoi 



(cii?)(*^+i)/^ 

and thanks to the restriction ^f^ < M we see that the exponent of R is negative. Therefore 
Pm <^ 1 and hence exp(pjv/) = 1 + 0{pm)- Moreover, for w G C^o we have 

M+l / „j-,\M+2 



-Ao. « ,-AolH .. (^+1)! << ( M + l 



< 



(ci?)^ 



w 



M+1 ■ 



Hence in order to prove the lemma we have to show that 

1 W N 7 M 

j / w \ ds+w 

exp 



r(a + 2 — 2") / '^ \rfs+«) / V^ Ru{s) 1 X 



1(6+1 + 1)^2/31/-^ 
But from (13. 6p with M = 1 we obtain 



^-^ uiu + 1) u;'- 



<aI"I- 



|^|d(T-_ft'-d/2" 



r(a + 



1 w 



r(6 + i + f 



<Ai"i 



W 2 



-da+K ^0(R^ /V) 



(3.9) 



(3.10) 



f^ \ ds+w 



( f y^ ) ^ ^ ^^'^ from Lemma 3.2 (observing that we may choose Ci > C3) we have 



^^-^ z/(z/ + 1) w "^ ^z/(z/+l)^ t; ^ V 



Therefore (13. 9 p follows and the proof of Lemma 3.3 is complete. 
With the notation of Lemma 3.1 and writing 



D 



M 



h* ( \ r(a+i-f) ^^ ^ f._M£Ll 

hM[w,s) = — T ^F U7 exp > —, — 

""'^ ^ r(6 + i + f) ^ ^ ^^^z/(z/ + l)w-^ 






(3.11) 



from Lemma 3.3 we get 



d 



^xis) = Co{F){^Y'rx,M{s) + 0(Al-le^(^Vv)(,^)M+2) 



(3.12) 



uniformly for X > Xq, provided V > {ciRY'^ and max(ff^,d|a| + d/2) <M< DR. Indeed, 
for w G £00 we have 

hence replacing h{w, s) in Ix{s) by its main term in Lemma 3.3 we get an error of size 



since M>d\a\+ d/2, and (IXT^ follows. 



yAf+do--d/2+3/2 



<<^MgO(KVV)(ci?)M+2 
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In order to study h\j{w, s) we write Vq{s) = 1 identically and for fi> 1 

RuAs) 



E ;^ E n J^- (3.13) 



l<m<fl Ul>l,...,Um>l j = l ■'^ ■' ' 

I/l+...+l/„=/i 



Lemma 3.4. Under the hypotheses and with the notation of Lemma 3.1 we have 

v=\ ^ ' ij.=0 I I 

where c^ may depend also on D. 

Proof. Expanding the exponential and recalling f l3.13p we have 

with 



^-E^. w^)- E;^ E n 

By Lemma 3.2 we obtain 



•^3 • 



/i>Af l<m<fi l<Uj<M j=l J^ ■' ' 

Ui + ... + Um=fi 



''.«w«E;^ E (^«r"nrrj;^«wE^ 

l<m<M l<Uj<M j=l -7^ J ' ^ jn=0 



hence for /x < ^cR we have 

v,Ms) « ^n^ (3.14) 



thanks to Lemma 3.6 of [TO], while for fi > ^cR we get 
Therefore we have 



M<^i<3cB./2 ' ' ^ fi>3cR/2 ' ' 

say. But, thanks to the restrictions on w and V, 

^ „ V- {cRr {cRT .. jcRrniRvs-r, 

H>M I I f^ II 

and 

"^ \ w / \ \w\ J \\w\ J 

fj.>3cR/2 \ll/ \ll/ \ll/ 

since M < |ci?. Lemma 3.4 is therefore proved. D 

Now we transform the sum over fi in Lemma 3.4 by arguments similar to those in Section 3 of 
[lOj, see Lemmas 3.11-3.18. We start with the following variant of Lemma 3.13 of [10], asserting 
that for \w\ > 2M and 1 < /i < M 

1 _^ C,,e , . 4^M! 1 



21 



where the coefficients C^^i satisfy 



\C,,j\ < 



(£-1)! fi-l 



by Lemma 3.12 of [lOj. Indeed, Lemma 3.13 of [10] gives fl3.15p with an error term 



(3.16) 



< 



2^M\ 



1 



(//-I)! \w{w-l)---{w~M)y 
and \w{w - I) ■ ■ -{w - M)\> {\w\ - MY''+^ > {\w\/2Y'^+^ thus giving JKTB . Let 



A,As) = Y.^-ir^'^'c,^,, ( ^) is + 1)^ 

fc=0 ^ ^ 



(3.17) 



Lemma 3.5. Letl <M < DR with arbitrary D > 1,1 < fi < M and\w\ > max(2M, 3R+4). 
Then with the above notation 



M 



]i^ 2^ 



^i^As) 



iw + sY "^ wiw + l)---iw + ^-l) 



0(24 



MiDRr^'^' 



\w 



M+l 



)■ 



Proof. From (I3.15P we have 



w^ 



1 _ A i-iyc 



. 4^M! 1 . 
w + f) ^ \^i-l)\\w\^^+^^' 



I,/ 



hence 



1 ^ 

(w-i)^ A^ 



■l)'+^C7^,^ 



_ . 8^M! 1 . 
1) ^ Vu-l)!|«;|*^+i^ 



w---(w + £-l) ^(;U-l)!|w; 



(3.18) 



Since \f^\ < ^pi ^ | thanks to the hypothesis \w\ > 3i? + 4, arguing as in the proof of Lemma 



^1- 
3.14 of IJO] and starting with (3.16) there, we have 

^-/i\ (s + l)'' 



1 



[W + SY («; _ 1)M(1 + ±11)/^ Z^\kJ{w-l) 



E 



\fJ.+k 



+ 0(4 



^iR+ir-^^\ 



\w 



Af+l 



Inserting (13.181) in the last equation and recalling (I3.17P we obtain 



1 ^ 

t = y 



^M,Ks) 



(w + s) 



w(w + 1) ■ ■ ■ (ti? + £ — 



/ i,_n \ / 



fc=0 



(i?+l) 



8*^M! 



(fc + /i-l)!|w|^+i 



) 



+o(4-(^±il^^:^)- 



W 



we denote by Ei and ii^2 the two error terms in the last equation, respectively. Since | ( ^^) | 
('^^A:"^)' ^sing Lemma 3.6 of [10] we have 



M-f^ ,r^r.^k 



{DRY 



1 ^ |«;|A^+i ^ A;!(u-1)! (k + a-l)\ ^ |w;|A^+i(/i - 1)! ^ k\ 



12*^M! {DRY'-^' m{DR) 

< , ,„,,, ..,. TT < 24^^ ^ ^ 



M-/i 



|w|*^+i /i!(M-/i)! |w 

The lemma follows recalling the bound for E2. 



M+l 



D 
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Under the hypotheses of Lemma 3.5, but with \w\ > max(2M + R, A{R + 1)), we also have 



,M 2^{nj + s)---(w + s + i-l)^^ kl^^+i ^- ^ ' 



=M 



Indeed, we apply Lemma 3.5 with w + s in place of w and — s in place of s, thus getting the 
main term in fl3.19p plus an error satisfying (since jw + s| > |w7| — |s| > 1^1/2) 

Recalling (13. 4p . (I3.17P and the definition of 6 = h{s) before Lemma 3.1, writing for z/ > 

Q'^^') = E ^y,i^)^,A-b - I) (3.20) 

and observing that Qo{s) = 1 identically, we have 

Lemma 3.6. Under the hypotheses and with the notation of Lemma 3.1 we have 

^ '^(^ + 1) «^' ^ (^ + I + f ) ■ ■ ■ (^ + I + f + '^ - 1) 



■{ce_R) 

\w 



M 



+ 0(lSir»°"'" ')■ 



where Cq may depend also on D. 



Proof. From (I3.19P applied to -!j7 = ihrwrji (changing i into z/) and recalling (l3.2Up we get 



, ^. My 1^.(^)1 p^)^^-^^\ 

^(6+| + f)---(& + i + f + z^-l) ' 
say. In view of the restriction on M, for 1 < fi < M from (13.140 we have 

v;(.) « i^ 

and hence, since w G £oo, 






and the lemma follows. D 
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Since Qo{s) = 1 identically, writing 

'"''"'■'>= r(t+i + |) ^'"'(^ + |^ (t + i + H). ..(6+ I + I + .-1) ) 

1 



from f l3.1ip . fl3.12p and Lemma 3.6 we obtain 

uniformly for X > Xq, provided V > {ciRf^^ and max(f^, \{d\a\ + d/2 + 2)) < M < DR. 
Indeed, by Lemma 3.6 we have 

and, for w e £00, T{w) < e-^^'lml'^-^/^ and \{2ux)~'"\ < ei''. Hence, thanks to ( Km . 
replacing h\j{w, s) by h*^{w, s) in /^ Afl-^) causes an error of size 



POO 

Jv 



/y+Ry'-i) 



since the integral is convergent under the above conditions on M. Therefore, fl3.2ip follows from 
Lemma 3.7. Let Qy{s) he as in 03.200 and 1 < ly < DR, where D > 1 is arbitrary. Then 

Qu{s) < j — , 

where C7 may depend also on D. 

Proof. From KT7\f . Km and the definition b = b{s) = f + ^ we have 

fj.=0 k=0 ^ ^ 

Recalling that in the proof of Lemma 3.4 we have V^^m{s) = V^(s) for fi < M and that M < DR, 
from ( 13.1 4p we have 

Hence by (^M) and | ("'') | = (''+J;"^) we get 

U U — fM 



«^w«-EE,,^^c:;^)rr>-'^ 



ii}(ii,-\-k-l)\\ii,-\-k-'\l\ k / '^ '"-"'• 

/i=0 fc=0 



« -^ E E ;:T7£rw2^2^""'(^^)''"' « ^^-' E E 



/i=0 fc=0 '^ ^'^ ' ^ ^=0 fc=0 f^ ^f^ ' > 






2 



fc=0 A«=0 ^ '^ ^ fc=0 \/i=0 '^ 
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thanks to [fi + k)\ > filkl. Since u < DR and since the last constant c may clearly be chosen 
larger than D, we may apply Lemma 3.6 of [lOj, thus getting (recall that the value of c is not 
necessarily the same at each occurrence !) 

and by repeated applications of Lemma 3.6 of [10] we have 

^ / ^ u J. (cRY ^ {cRf^-'' 



u\ f^^ k\{u - k)\{u - k)\ 



{iy-k)\ 



k=0 

2v 



« cV! + {cRf + {cRr{l + ^) « ^""^^ 



since v < DR. Lemma 3.7 is therefore proved. D 

For 2 G C and integer i/ > 1 we define 



Pu{z)= n ('^ + ^')- (3.22) 



o<i<i^-i 

k+il>i/2 

Lemma 3.8. With the above notation we have \P^{z)\ > 2^'^{u — 1)!. 

Proof. By induction. For u = 1 the right hand side equals 1/2, while the left hand side is at 
least 1/2. Since u = \z — {z + h')\ < \z\ + \z + z/|, we have \z\ > z//2 or |^ + i^| > z^/2. Hence 

p (,)=hP^(^ + ^) ii\z\>u/2 
"^'^ ' \iz + u)P,{z) ii\z + u\>u/2. 

Therefore, for the appropriate e = or 1, from the inductive hypothesis we get 

\Pu+i{z)\>-\P,{z + e)\>-- 



2' ^ 71-2 2" 2"+^' 

and the lemma follows. D 

The proof of Theorem 2 is based on the following lemma, which summarizes the results 
obtained so far in this section. Let (recall the definition of a and h after (13. 4p ) 



IxAs) = — / ^,, , 1 ] ^ ^;, r(^;)(2a;x)">. (3.23) 



i_ r rja + l-f) 

2mJ^_j,)T{h+\ + ^ + u) 

Lemma E. Let -L < a < 3/2 with L > 3/2, |s| < R with R > 1, < 6 < I, rjd > 1, 
S' = max(0,2 — 1/5), M = [|L] + H where H = H(F,5,r]) > is a sufEciently large integer. 
Then, under the hypotheses of Theorem 2 and with the notation in (12. 3p . (13.201) and (I3.23p . we 
have 

M 



F^(.,a) = c(F)^g-(vrrf)'^^5^g.(.)/x,.(.) + 0(A^i?'''^^+^e^(«*'+^'^-''*^^^)) 
uniformly for X > Xq, where c{F) ^ 0. 
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Proof. We have to estimate the contribution to Ix{s) of the part {—K — zoo, —K + iV) of the 
hne of integration in the integrals Ix,u{s), see f l3.23p . Recalhng f l3.22p . by the factorial formula 
we have 

nb+l + ^ + ^)=nb + l + ^)P^{b + ^ + f)(&+^ + f+ Jo), (3.24) 

where 1 < jo ^ ^ ~ 1 is such that |& + | + f + jol < 1/2, if it exists. If such a jo does not exist, 
then the factor 6+ | + ^ + jo is not present in (I3.24p . Let w = —K + iv with v < V. By Lemma 
3.8, the reflection formula for the F function, the inequality I smiz-n • ) I -^ 6^P(~I-2|) for kl < 1/2 
and the definition of b after (13. 4p we get 

,^/, 1 W M 1 ('^-l)' l^+l+f+Jol 

|r(&+;^ + 77 + ^^)| > ; I 2 2 .vui 



2 2' '' |r(l-6-f)| 2- |sin(7r(6+l + f))| 

> I !:le-ii'^*+^i 

|r(l-6-f)|i/2- 
Moreover, recalling also the definition of a after (13. 4p . from Stirling's formula we have 

T{a + -- -) « (1 + ^^±^).|.|/2+B^-|M*+.| 
r(- - 6 - -) « (1 + ^!^±!^)<ikl/2+i?e-f M*+^l. 



(3.25) 



Hence, since |(2a;x)""'| = |2a;x|^e^^''S'^^, we obtain 

-r(w)(2wx)"> 



-i^w r(a+l-f) 
-i^-ioor(6+i + f + Z/) 

^! loo (l + |t;|)^+V2 ^ 

Oi^ Oi/ /" + 00 

z/! z/! jy 

v'. V ul 



(3.26) 



-B 



thanks to IHAT} and the fact that V > {ciRf/^. Thanks to (l3:26|) . to the choice of M and to 
Lemma 3.7, the contribution of the left hand side of (I3.26P to Ix{s) is 

,< ^.,,.H« ^ (g«)'-;;'7'-'-'- « _4.>,.H«(,^)„.-,M ( ^ (Cfl)!f:y. (3.27) 

i/=0 ^ ■'^ i/=0 

< ^il/'ikl+^(ci?)('7'5-i)A^e^^^. 

Recalling that qp = {2ttYQ'^P and writing c{F) = ujQcq{F), Lemma E follows now from 
fl3AD . (13:21) . (13:211) . (13:231) and (KTr\> . choosing V = {cRfl^. D 

Now we show how Theorem 2 follows from Lemma E and some of the arguments in our 
previous treatment of the standard twist in |1] and [7j. Under the hypotheses of Lemma E and 
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with the notation there we write 

—, r M 



Hx{s, a) = Fx{s, a) - c{F)^q-/{7^dY^ ^ QAs)IxAs) 



and note that for a > 1 

hm Hx{s,a) = H{s,a) 

X— s>oo 

exists. Indeed, clearly Fx{s,a) tends to F{s,a) for a > 1, while the treatment of the limit of 
the integrals Ix,u{s) as X — > oo is borrowed from our previous papers on this subject, see in 
particular Theorem 5.1 of [4j in the case d = 1 and Lemma 2.4 of [7] in the general case. Note, 
however, that Lemma 2.4 of [7j deals with a normalized situation where s, Xj and fij mean, in 
our present notation, 

d 1 An Aj , 1 . 

respectively (see the discussion before and after (2.2) and (2.3) on pages 320-321 of [7]). As a 
consequence we have 

M 



H{s, a) = F{s, a) - c{F)^q'/{7,dY^ ^ Q.{s)h{s), (3.28) 



where, recalling that a = a{s) = |(1 — s) + |^i? and b = b(s) = |s + ^^p (see after (I3.4p ). 



J,, ^ 1 r(a + | + |) ^t^_, ^ T{a+\)T{h-a-\ + v) 



k\V{b+\-\ + vy2' ^ T{-a)T{h + u)V{\ + h + u) 



(3.29) 



s 



T{\ - a)T{h + v)T{\ + h + v) 

say. Theorem 5.1 of [1] deals only with /o(s), while Lemma 2.4 of [7] deals with all Iu{s), there 
denoted by Tk,u{s)- From Lemma E and Vitali's convergence theorem, see Lemma C and the 
proof of Theorem 1 in Section 2, we therefore have that the limit function H{s, a) exists and is 
holomorphic for |s| < i? and —L < cr < 3/2, and satisfies 

His, a) « A^/?^'^^+i^e^(^''+«*'-^'^''). (3.30) 

Since R and L are arbitrary, from (I3.28P and (I3.29P we have in particular that F{s, a) has 
meromorphic continuation to C. Moreover, from Lemma 2.5 of [7] (recall the normalization 
there) we have that F{s, a) is holomorphic over C apart possibly from simple poles at the points 
Sk in (II. 2p satisfying (II. 3p . coming from the term T{b — a — ^ + u) in (I3.29p . Our next goal is 
therefore estimating the last term in (13.281) away from such poles. 

Before starting the estimation of such a term, we remark that we shall always assume that s 
is (5o-apart from any pole which might arise during the estimation. We call potential poles such 
poles, and we shall deal with them at the end of the proof. Moreover, we always assume that 
< k < K and |s| < R. We deal first with ll (s), in a similar way as in the proof of Lemma E. 
Indeed, following (I3.24p we have 

r(& + ^-| + ^) = r(6 + i-|)P.(6+i-|)(6 + i-|-jo(A:)), 

where 1 < jo(^) < z^ — 1 is such that \b+ ^ — j — jo(^)| < 1/2? if it exists. Hence similarly as in 
(jMSD we get 

\Y(b + 1 _ - + zy)i > I !:ie-5^i*i 

lil'^+2 2+'^^'>>|r(l-6+|)|z/2-' 
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and hence 






■d|t| 



fc=0 



2 2' ''2 
Using (I2.6p . away from the potential poles we have 

therefore under the above mentioned assumptions we have 



(3.31) 



In order to estimate I^ (s) we apply the duplication formula, the factorial formula and recall 
([322D, thus getting 

T{h + v)T{- + h + v) = T{ds + iF + 2z/) 

2 a/tt 

o— ds— gj?— 2;/ 

r(ds + ^F + v)Pu{ds + ^F + v){ds + ^F + Jol'^)) 



TT 



where z/ < jol'^) < 2z/ — 1 is such that |(is + .^i? + jo(i^)| < V^? if it exists. Hence by the reflection 
formula we obtain 



/(2)(s) =^2'"'+^^ 



+2v 



sm TT 



' ds d 5f 



-f)) 



{ds + ^F + Jo('^))^.(f^S + ^F + I^; 



■X 



X 



r(^ - f + f )r(i + f - f + ^)T{ds - ^ + 2c/^F + 1^) 



(3.32) 



V{ds + iF + T^) 
and by Lemma 3.8 we get, away from potential poles, 

\L„u 



rr,s, , A^d" T,|,|_,(i + 1 ds £fs^, d ds ^Fm 

4'^^) «-:^e^'^i*i|r(^- - - + ^)r(i + - - - + ^)|x 



Z/! 



r(rfs - ^ + idOF) 



V{ds + ^F) 



u-1 

n 

i=o 



ds-^^ + idOF + j 



c?s + ^F + 3 



Since each factor of the last product is bounded away from the potential poles we have 



n 



ds-^+ idOF + j 



ds + ^F+ j 



-^c" 



and by Stirling's formula 



^2 2 2 ^ ^ 2 2 2' 



< e-^d\t\j^dL+B_ 



Moreover, by the reflection formula and Stirling's formula we get 



T{ds-^ + ideF 



T{ds + ^F) 



< 



r(l -ds- ^f) 



r(^ -ds- idOF) 



<i? 



B 



Therefore, from 03.32p and the above bounds we conclude that under the above assumptions 



/(2)(5) « 'LA'^RdL+B_ 



(3.33) 
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Similar computations show that the same bound holds for ll '(s) as well, hence from ( I3.29p . 
(I3.3ip and (J3.33P we obtain 

his) « ^A^i?'^^+^ 
z/! 

for < k < K and |s| < i? away from all the above potential poles. Therefore from Lemma 3.7 

we have 



c 






« A^R^''^+^ y ^^^^^^, — , 

and since [r] — l)dL > {t] — 1){6M — c) > 6{ri — l)v — c we obtain 

^ {iAy <<^^ — o^!p — '^^ U- 0^ 

in view of 1 — (r/ — 1)5/2 < (3 — ri5)/2. As a consequence, away from all the above potential 
poles we have 

M 






,^F)'^q~/{7^dY^ J2 QAs)h{s) « A^/^'7'^^+^e^«^=''''*''^ (3.34) 



Hence from (ESHD, (133(1 and flHIMD we finally obtain 

F(s, «) « A^/2'y'^i+Se^(^''+^''~''*''') (3.35) 

away from the potential poles, provided \s\ < R and —L < cr < 3/2. However, we already know 
from Theorem 1 of [7] that F{s, a) is holomorphic over C apart possibly at s = s^. A; = 0, 1, . . . . 
Hence, thanks to the maximum modulus principle, the bound (13.351) holds for every s outside 
discs of radius ^o around the points Sk, and Theorem 2 follows. 

4. Proof of Theorem 4 
Let f{n, ex) be as in Theorem 4 and define 

N 

Af = {lu = y^ rriyKy : niy G Z, m^ > 0} 

and 

^:Lo(-2vr^«<^)"^ 



A{uj) = J2 



mo>0,...,mjv>fJ 

EN 

note that Af has no accumulation points in M. We have 
Lemma 4.1. We have the bounds 



J2 1 < ^^^' and A{uj) < e-""^°s" witi2 c = c(/) > 0, 

UJ<X 

and the series J2weA ■ ^(^) ^^ absolutely convergent. 
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Proof. The first bound is trivial, since for every u we liave m^^ < 1 + x/ki, and lience tlie 
number of possible u G Af up to x is ^ ni/=o(-'- + x/ki,) ^ 2;^+^. To prove the second bound 

we write r(a;) for the number of representations Ylu=o''^'''^'' ~ ^ ^^"^ ^t' ^'-'^ ^^^ maximum of 
the rriiy occurring in such representations. Recalling that the value of the constants c may not 
be the same at each occurrence we have 

^y^) ^ rzrr, ^ rzrr, ^ tttt ^ 



Lkjv-I' Lkjv-I' Lkjv-I' 

and the second bound follows. Finally, the absolute convergence of the series follows by partial 
summation from the first two bounds. D 

Let now F{s) be as in Theorem 4. Then, expanding the exponential, thanks to the good 
convergence properties of the involved series we get for a > 1 

00 , \ 00 , ^ N 

F(s; /) = ^ '^e(-f(n, «)) = E ^ 11 ^'"""'~' 

n=l n=l u=0 

n=l mo>0,...,miv>0 






(4.1) 



= J2Aiu)Fis + uj), 
weAf 

the last series being clearly absolutely convergent for cr > 1 thanks to Lemma 4.1. Moreover, 
for any given s G C we have a + uo >2 apart from finitely many values of w G Af, hence such 
a series is absolutely and uniformly convergent on compact subsets of C, apart from the points 
s = sq — oj where sq is a pole of F{s) and u G Af is such that A{(jj) ^ 0. Therefore F(s; /) is 
meromorphic on C, its poles are contained in the same horizontal strip of F{s), and F(s; /) is 
entire if F[s) is entire. Further, let a be fixed and note that by the above observation we may 
clearly write 

F{s-f) = F{s)+ Yl M^)F{s + u) + B{s) (4.2) 

ujeAf 

0<a;<aJo 

where Uq = ujQ{a) is such that a + Uq < 3/2 and B{s) is bounded as |t| — ?■ oo. Thanks to the 
properties of the Lindelof /x-function of Dirichlet series, in particular the fact that it is strictly 
decreasing on any interval where it is positive, (14.21) immediately shows that ^f{(^) = fJ'pio", /), 
and Theorem 4 is proved. 



5. Proof of Theorem 5 

Suppose first that F G M{p,t), r > 0, and < A < 1/p. As in Sections 2 and 3 we may 
assume that a > and a < 3/2; we deal first with the case t > 0. Let uq = (2 — a)/X, Vq = r/X, 

-C-oo = {uq - ioo, Uq + ivo), C^g = {uq + ivo, -oo + ivo) 

and, using the notation in the proof of Theorem 1, write 

ain) _,^„A 






n" 

n=l 
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Since F{s) is holomorphic for |t| > r, and Q=(s + Xw) > r when v > Vq, by Mellin's transform 
and arguments already used in the proof of Theorem 1 we have 



Fxis^a) 



'(mo) 

2m 
say. Clearly, 



— / F{s + \w)T{w)z^'"w 
27r« J (no) 

M/ +/ ]F{s + Xwnw)z-w = F^^\s) + F^^\s), 






and for U7 G £_„o we have 



hence 






CXD 

oo 



iy\^0-l/2^-v(7r+O(l/X))^ 



poo 

Jo 

I'OO 

< A'"' + AH(1 + |(t|)HA+^ + ah / (1 + 



^uo-l/2^~v{-K+0{l/X))^ 



< A'"i + aI"I(i + |a|)HA+^ + Ai"ir(^ + fi) < Ai"i(i + |s|) 



|o-|/A+_B 



uniformly for X > Xq. 

Recalling (ll.6p . for w G £„p we have 



F{s + Xw) < Al"+^"l(l + |s + A^|)''l"+^"l ' "e 



<5_l_L,l*^ 



and also, thanks to the reflection formula and Stirling's formula. 



(5.1) 



log |r(w)| = 3f?((w — -) log 1(7 — w) + 0(1) = (mo — 7t) log lu^l — f arctan- h 0(1 + |cr| 

= (^0 - I) log \w\ - \v\ (| + 0{^±^)) + 0(1 + |a|)), 

therefore 

r{w) <Al"l|w|""-^/2e-5l^l. 

Moreover 

l^-wl _ I l-MOg^argzx ^ y^klgM(|+0(lA)) 



(5.2) 
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Therefore 



aI"I(i + \s + Aw|)^I'^i-^^"+^(i + |m|)~I"Iu 

-oo 

< Al'^le^l^l / Al"l(l + |^|)-(i-Ap)hl+Pkl+Bu 

J— oo 

I 4Hp^l^lVi + |Qn''l'^l+^ /"" 4l«liH-^ll^ii (5-3) 

+ ^ e (l + l^l) y_|^|^ (1 + |«|)H ^ 

« Al'^le^l^l*(l + |s|)''l'^l+^(l + / A" ^^'7 u) 

uniformly for X > Xq, since the integrand in the last but one row is maximal (essentially) when 
u = c|s I '*'''. Hence from (15. ip . (15. 2 p and (15. 3p we obtain that for a < 3/2 and t > 

F^{s, a) < A\"\ (1 + \s\p/^+B^c{\s\^+\s\'n (5.4) 

uniformly for X > Xq. 

The case t < is partly similar to the previous case, thus we will be more synthetic; all the 
estimates below hold uniformly for X > Xq. Given F G M{p,t) we write Mq = (2 — ct)/A, 
Vq = {t — t)/\ and consider again the half-lines C-oo and Cy^ (with the new value of Vq). Since 
3(s + Xw) > T ioT V > Vq, as in the previous case we have 

Fxis,a) = ^(f + f ]Fis + \wnw)z^-w = F^;\s) + F^'\s), (5.5) 

say, and a similar argument gives, uniformly for X > Xq, 

f|^(s)<AI'^I(1 + |s|)HA+^. (5.6) 

Recalling again (11.60 . for w G £,,o we have 

F{s + Xw) < aI"I+I^"I(1 + |a + Au|)''l"+^"l+^e^l"+^"l'. 
Moreover, for w G £t,o with m > from Stirling's formula we get 

since x + arctan 1/x > tt/2 for x > 0. Hence the contribution to Fj^ (s) coming from the part 



of CvQ with M > is 

/•Mo 

<AH/ (1 + |s|)''I"I+"(i-^'')+^u<AH(1 + |s|)1'^1/^+^. (5.7) 

Jo 

For ty G £^0 with m < we have, again by the reflection and Stirling formulae, that 

' ^ ^ ^ ' |r(l-u;)| ' ' 

Hence the contribution to Fj^ (s) coming from the part of Cy^ with — c(l + \a\) < u < (here 
c > 1 is an arbitrary constant) is 

« A=l'^l(l + |s|)''H+^ / ii±^l^u 



«;A'=l"l(l+|s|)''l"l+^ max ^ ' ,'^ — <A^I"l(l + |s|)''l"l+^, 

0<M<c(l+|a|) k(7 " 
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since (recall that A < 1/p) 



[i+wir^y ^. , ^„„ f{i+w\r'\ .... , ,..mi+h)v 



max P , ' / <1+ max P , ' / < (1 + |(t|)^''^^+I"I^ '^ < Al'L 

0<u<c{1 + \ct\) \ \w\ ) 0<«<(l+|cr|)^'' \ \w\ ) 

Finally, the contribution to FJ^ (s) coming from the part of L^^ with u < — c(l + |cr|) is 

"'c(l + |a|) Jc{l + \a\) U 

where /(u) = ulogA+{p\a\ + B)logu-{l-\p)ulogu + 2. But /'(n) = -(1 - Ap) logM + 0(l), 
therefore f'{u) < for m > c(l + |cr|) if c is large enough and hence such a contribution is 

^ ^Hg/Wi+kl)) ^ ^kl (1 + |s|)^l'^l+^, (5.9) 

with such a choice of c. From (15. 71) - 05. 9p we obtain that 

F^j^\s) < AI'^I(1 + |s|)HA+^, (5.10) 

hence from (15.51) . (15.61) and (I5.10p we have that for a < 3/2 and t < 

F^(s,a)<Al'^l(l + |s|)l'^l/^+^ (5.11) 

uniformly for X > Xq. 

From ([53D and (I5ATD we get that for (x < 3/2 

F_^(s, a) < A\^\{1 + IsDHA+iJe^d^l'+l^l'") (5.12) 

uniformly for X > Xq. Hence the argument based on Vitali's convergence theorem in the proof 
of Theorem 1 shows that ^^'^(s, a) is entire and satisfies the bound in (15.121) . therefore F^{s, a) 
belongs to M(l/A) and the first part of Theorem 5 is proved. 

Suppose now that F G M{p) and < A < 1/p; again we may assume that a > 0. In this case 
F{s) is entire, and the argument is simpler. Starting with the usual integral representation of 
F^{s, a) (recall that X is a large integer) and shifting the line of integration to u = —X — 1/2, 
thanks to the decay of the F function on vertical strips we obtain 



Fkis, a) = 7^ / F{s + Xw)T{w)z^^w 

2^« J (no) 

= E ^^^(^ - ^^)4 + ^( / l^(^ + A«;)r(«;)^rw|)- 



k=0 ''• J{~X~l/2) 

Next we show that, as X — )■ oo, the last integral tends to and the resulting series is suitably 
convergent, thus it represents an entire function. This provides the analytic continuation and 
series representation of F^{s,a) over the whole complex plane, since F^{s,a) -^ F^{s,a) for 
a > 1. Moreover, we get suitable bounds for such a series, showing that F'^(s,a) belongs to 
M{p) and thus closing the proof of Theorem 5. 

Once again thanks to (11.61) . for u = —X — 1/2 we have 

and moreover (reflection and Stirling formulae) 

T(w) < e-'^l^l-— ^ < e-'^l''l+l''ll"'^s(-'")l|«;r''"'e^ 

|F(l-w;)| 

Hence 

F{s + Xw)T{w)z^'" < Al"l+^(|s| + x\uj\)p(W\+^x)+B^^^-x~i^c{\s\+xH)^^-c{x)\v\ 
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where c(X) ^ 1/X. Let i^ C C be compact, s E K and X > Xo{K,F, p, X). Then the above 
bound becomes 

Fis + \W)T{W)Z^'" « A^|«;|-(l-Ap)X+i?gC|»|*-c(X)|.| ^ ^X^-(l-Ap)XgC|.|^-c|.|/X 

uniformly for s E K (constants may now depend also on K), and therefore 

[ \F{s + Xw)T{w)z^'"v4\ < A^X-^^-^P^^ -^ 

J{-X-l/2) 

as X — )■ oo since A < 1/p. Finally, we show that the series 

5^^F(.-AA:)(27r^a)^ (5.14) 

fc=0 

obtained from (15.131) as X — )■ oo, is absolutely and uniformly convergent for s E K and, at the 
same time, we give the required bounds to show that F^[s,a) belongs to M[p). Indeed, from 
(II. 6p we get 

^ L.\F{s - \k)\{27iaf « Y, ^Al'^l+^'^dsl + AA:)^(l'^l+^^•)+^e^(l^l+"'=)*(27ra)^ (5.15) 

fc=0 fc=0 

which shows the absolute and uniform convergence since the term k\ dominates over the terms 
in the numerator, again thanks to the fact that X < 1/p. Moreover, for |s| sufficiently large we 
split the series in the right hand side of (I5.15P into Si + S2, where Si is the sum with k < \s\/\ 
and 5*2 with k > \s\/X. But since A < 1/p 

Si«AHe^N'(l + |s|)^H+iJ y (^l"p' <^kl(i + |g|)PH+i?gC(|s|^+N^^) 

^-^ k\ 

k<\s\/X 

<Al'^l(l + |s|)''l"l+^e^l'^' 
with a suitable 6 < 1, and 



s 



k 



Ak 



S2 « ^"^' E Y^^'k^^'e^' « ^'^' E k(^ « ^"^' 



fc>|s|/A fc>|s|/A 

and the result follows. 
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